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PRODUCT INTEGRAL TECHNIQUES FOR ABSTRACT
HYPERBOLIC PARTIAL DIFFERENTIAL EQUATIONS(!)

BY

J. W. SPELLMANN

ABSTRACT. Explicit and implicit product integral techniques are used to
represent a solution U to the abstract system: Uja(x, ¥) = AU(x, y); U(x, 0) =
p = U(0, y). The coefficient A is a closed linear transformation defined on a
dense subspace D(4) of the Banach space X and the point p in D(A4) satisfies the
condition that IIA'le <S (x') /2 for all integers i > 0 and some S > 0. The im-
plicit technique is developed under the additional assumption that A generates a
strongly continuous semigroup of bounded linear transformations on X. Both
methods provide representations for the Jg Bessel function.

I. Introduction. Let X denote a Banach space and A4 denote a closed linear

(and, in general, unbounded) transformation defined on a dense subspace D(4) of
X. A point p in X is said to satisfy condition (I) if and only if

(2) p is in the domain of A" for
all positive integers i and

(b) there is a positive number S such that
14’pll < S¥(i1)3/2 for all integers i = 0.

)

In this paper two product integral type techniques are used to represent a solu-
tion to

n Upa(x, ) = AU, »),  Ulx,0)=p=U(,y),

where U is a function from the unit disk [0, 1] x [0, 1] to D(4) and p is a point
in X satisfying condition (I).

In §II an explicit product integral type method is used to represent a solu-
tion to system (II). The additional assumption that A4 is the infinitesimal gener-
ator of a strongly continuous semigroup of bounded linear transformations is used
in §III to develop an implicit product integral type representation of a solution
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to system (II). The results of §§II and III are used in §IV to produce represen-
tations for the J;, Bessel function. In §V the product integral representations de-
veloped in §§II and III are used in an example. A second example is given in
8§V of a case where Theorem 1 applies but Theorem 2 does not.

In 1958, J. B. Diaz published (in [3]) an Euler-Cauchy polygon technique
for the real partial differential system

Ulx, y) = f(x, y, U(x, y), U,(x, y), Uy (x, ).
Ulx, 0) =g(x), U@©,y)=h(y),

am

where f is considered continuous, bounded and satisfies a Lipschitz condition.
The boundary functions, g and A, are assumed to be continuously differentiable.
Similar work by I. L. Glick appeared subsequently in [5] for the higher order
equation Ux, . ..Xx, = f. Recently, Lovelady announced (in [7]) results con-
cerning the existence and uniqueness of solutions to a Banach space analog of sys-
tem (III) where f is assumed to have a continuous Fréchet derivative. In [8], this
author showed that condition (I) is satisfied by all points in a dense subset of X
whenever A is the infinitesimal generator of a strongly continuous semigroup of
bounded linear transformations. Hasegawa in [6] and Chernoff in [2] have also
investigated sets of vectors which satisfy properties similar to condition (I).

The author would like to express his appreciation for the suggestions of the
referee, especially the Corollary to Theorem 2 and the interesting second example
of §V.

II. An explicit product integral representation. In this section a solution to
system (II) will be represented as the uniform limit of a sequence of explicit prod-
uct integral type approximations. The explicit technique for system (II) is devel-
oped by considering the following integral equation:

() UGy = Ul b) + U@ y) - UG b)+ [ [ AUG, r)dtds

along with the boundary condition
() U(x, 0)=p=U(Q,y)

where U is a function from [0, 1] x [0, 1] to D(A) satisfying (1) and (2) for
each pair of points, (x, ¥) and (@, b),such that 0<g<x<1and 0<bd <

¥ < 1; and p is a point in D(A) satisfying condition (I). Replacing the integral
in equation (1) by
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(x—a)(y - D) A[U(x, b) + U(a, y) — U, b)]
yields the following approximation for U(x, y):

B) Uky)~U+x-a)y-b4) U d) + U y) - U, b)]

It is noted that repeated use of (3) over a grid of the rectangle [(0, 0); (x, »)]
will yield an approximation of U(x, y) in terms of the boundary conditions on
the x and y axis prescribed by (2). From this fact a sequence of approximating
functions will be constructed.

For each point (x, y) in [0, 1] x [0, 1] and each pair (k, /) of positive inte-
gers, let

() Xy = @)k fori=0,1,...,k,
®) ya=0y)l forj=0,1,...,1
jl
and
© Gyl = {(x,.k,yj,)li=0,l,...,k;j=0,l,...,l}.

Using the same restrictions on the point (x, y) and the pair (k, I) of integers, let
[Vx!] denote a function motivated by (3) and defined on the grid G5}’ by

™ Vi 160 vi) ={
K B NAVE 10, yi) i Xy Ve > 0,

where

©) [BiY]1=( + (xy/kDA)

and

o AV 10 vid) = Vil 106 1ie- Vi) + IVl 16k Y1)

= Vi 1xim1 k> Vim18)-

An induction argument may be used to establish that each function [V}]'] may
be defined in terms of the constant boundary value p by
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VE1ex ») = VE G i)
-1 (k-1+4i )i k
B o)

i=0 \ k-1 j=0 j
-1 [(k—-1+i -1 I

+ k+i — 1V

(10) & < -1 )B & OV (i)p

=1 fI-1\ /k—-1+i .

+ z ( ) < )(_ l)l+l'Bk+xp
=0 \ { 1-1
k=1-1 [l -1+ 1 l

+ 2 ( ') B’*"Z(—l)f( )p
i=0 I-1 j=0 i

VE? 16 ») = Vi 10640 Y1)

I-1+4i (k—1)—i
( )B * Z (-l)f()
-1 j=
. kil <l -1+ i)BH_i(k—zl)—i(— l)’<k>p
11) =0 \ k-1 =0 i
+ kz_:l (k - l> (I— 1+ i>(_ 1)k+ipl+iy
i=0 i k-1
k-1 (k-1 +
+ E ( >Bk+lZ(_ 1))( >
i=0 k-1 j=0

for 1 > k. In equations (10) and (11), B denotes [B5?] = (I + (xy/kl)A) and
=72, is considered to equal O when k = 1.

For each positive integer n, let U,, denote the function from [0, 1] x [0, 1]
to X which is defined by

for k 2 [ and that

I
MM,

(12) Ua(x, ) = [V37 1%, ¥)-

By letting k = I = n, equation (7) (or (8)) may be reduced to give
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o B (L)) e (97

for each point (x, y) in [0, 1] x [O, 1].

Theorem 1 shows that a solution to system (I) may be represented as the
uniform limit of a sequence of explicit product integral type approximations de-
fined by equation (13).

THEOREM 1. Suppose A is a closed linear transformation defined on a dense
subspace D(A) of the Banach space X and p is a point in X satisfying condition
(I). For each positive integer n, let U, be the function defined on [0, 1] x [0, 1]
by equation (13). Then the sequence {U,}, —, of functions converges uniformly
on [0, 1] x [0, 1] to a solution of system (II).

An examination of the proof of Theorem 8 of [8] shows that the function
U defined on [0, 1] x [0, 1] by

(14) UG, ) =p + il () () 24'p

will be a solution to system (II) of this paper whenever the operator 4 is closed
and linear and that the point p satisfies condition (I). Although these conditions
are met by the hypothesis of Theorem 1 of this paper, they would also be satis-
fied in the case where A generates a strongly continuous semigroup of bounded
linear transformations, as was assumed in [8]. It may also be noted that if 4 is
as in [8], Theorem 7 of the same paper implies that the set of points satisfying
condition (I) will be dense in X.

The following lemmas will be used to prove Theorem 1 by showing that the
sequence {U,},—, converges uniformly on [0, 1] x [0, 1] to the function U de-
fined by (14).

LEMMA 1. Suppose that A is a closed linear operator defined on a dense
subspace D(A) of X and p is a point in D(A) which satisfies condition (I). Then
for each number € > 0 and each integer i = 0, there is a positive integer N such
that

I + (xy/n?)A)*A’p - A'pl < e

for all integers n > N and all points (x, y) in [0, 1] x [0, 1].

Proor. The proof of Lemma 1 follows from the fact that for each integer
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i 2 0 and each point (x, y) in [0, 1] x [0, 1] one has that

noo o\
I + (xp/n?)A)"A’p — Alpl < 3w (]) 147+l
j=1

<33 02+

where S is defined in condition (I).

LEMMA 2. Suppose the operator A and the point p satisfy the hypothesis of
Lemma 1.

Z 2 (H72GH 214 ipl =

n->°° i=0j=0

ProoF. The proof of Lemma 2 follows from the assumption that the point
p satisfies condition (I).

ProOF OF THEOREM 1. Let € > 0. Since the point p satisfies condition
(I) there is a positive integer N, such that

(15) Z(zv)-2||A I<§
and

1an I i 3
(16) ;igo Igo(z!) 231214 pll <3

whenever n > N,;. Lemma 2 implies the existence of a positive integer N, such
that

a7 I(Z + (xy/n*)A)*A’p — A'pll < e/12

for all integers n > N,,, all integers i in [0, N, ] and all points (x, ) in [0, 1] x
[0, 1]. Moreover, N, is chosen such that

(18) =@ -,/ <e/dn +4)

for all integers n > N, where A = Spd i1y 214’l. Let N = max{N, + 1, N,}.
Suppose 7 is an integer greater than N and (x, y) is a point in [0, 1] x [0, 1]. A
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rearrangement of equation (13) yields that

@ wen=5 (") () @) (2

Letting the function U be defined by equation (14), one then has that

1U,Cx, ») = UG, )l
BT 0 (@) Berara
2007 e ionss]

i=0 i i

I Wl QPR
B E )@ 6 (e

2 )iEn4b

i=N1+1

<

+

Reducing this inequality and applying (15), (16), (17) and (18) yields 11U, (x, y) -
U(x, y)I <e. Therefore, {U,},—, converges uniformly on [0, 1] x [0, 1] to the
function U defined by equation (14). Since U is a solution to system (II), the
proof of Theorem 1 is complete.

II1. An implicit product integral representation. In this section, the addi-
tional assumption that the operator A generates a strongly continuous semigroup
of bounded linear transformations will be used to represent a solution to system
(II) as an implicit type of a product integral. The underlying approximation for
the implicit technique arises by replacing the integral in equation (1) of the last
section by (x —a)(y — b)AU(x, y). Substituting this into equation (1) produces

Q) [-Ex-a-bAlUlx, y)= Ux b) + U, y) - U(a, b).

The assumption that 4 generates a strongly continuous linear semigroup implies
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that ( — «4)™! exists and is a continuous linear transformation defined on X for
all numbers « in [0, 8] for some positive number 8. This may be used in (21) to

give

(2) U, y)~U-@x-a)y-b)A) ' [Ul, b) + U ) = U, b)]

for all numbers x, ¥, aand b such that 0 <e<x<1,0<b<y<1and
(x —a)(¥ — b) < B. In a process analogous to that of §II, the approximation giv-
en by (22) will be used to construct a sequence of implicit product integral ap-
proximations to a solution of system (II).

For each point (x, y) in [0, 1] x [0, 1] and each pair (k, I) of positive inte-
gers such that (kI)™! < B, let {x; }5,, {v;}'=, and G} be defined as in §II.

j
Let [W;7'] denote a function modeled after (22) and defined on G§} by the rule

P if x v =0,
(23) W3 106 7j0) =

[CI?I}’][AWI?IJ’](xm, y,-,) if x Vi >0,
where
@4 [Ci?1={ - Gyl a)™
and

[AWEY 16k i) = IWRP 1kimi0 Vi) + Wl Vot Yj—12)
(25)

= Wel 106140 Yi—12)-

Let w denote a positive integer greater than f*%. For each integer n > w, let
T,, denote the function defined on [0, 1] x [0, 1] by

(26) T, ) = WX 1Gnns Yun) = W2 1(x, 2).

An induction type argument on (23), followed by a rearrangement of terms, pro-
duces

Q7)) T,(x.») = g(‘ -1 (n : 1) (" - : + i)(]— (%) A)—n—ip
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for each integer n > w and each point (x, y) in [0, 1] x [0, 1].

The following lemma will be used below in Theorem 2 to prove that the se-
quence {T,,};_ ., of implicit product integral type approximations (defined by
(27)) converges uniformly on [0, 1] x [0, 1] to a solution of system (II).

LEMMA 3. Suppose A is an infinitesimal generator of a strongly continuous
semigroup of bounded linear transformations on the Banach space X. Then for
each € > 0 and each point q in D(A), there is a positive integer N such that

Id - (x/n?)4)™2n+1g — gl <e

Sor all < in [0, 1] and all integers n = N.

Proor. The Hille-Yosida-Phillips theorem (see [4, p. 95]) implies that there
is a constant M > 0 and an integer /V such that

(28) IJ = (=/n?)A)~2" <M

for all integers n = N and all numbers « in [0, 1]. The proof of the lemma then
follows from the fact that for each point g in D(4) one has that

= "fol ((@n = 1)/n?)(I = (xt/n*)4)~2" Aq dt

I - (</n?)4)~2"+1q — gl

Jo &q - @y ay 2+ igy e

< (2/m)Mll4q)

for all « in [0, 1] and all integers n > N.

THEOREM 2. Suppose A is the infinitesimal generator of a strongly contin-
uous semigroup of bounded linear transformations on the Banach space X and p
is a point in D(A) which satisfies condition (I). For each positive integer n > w,
let T,, be the function defined on [0, 1] x [0, 1] by equation (26). Then the se-
quence {T,}, -, converges uniformly on [0, 1] x [0, 1] to a solution of system

an.

ProOF. Let € > 0. From the proof of Lemma 3, let M > 0 and N, be a
positive integer such that (28) is satisfied for all « in [0, 1] and all integers
n > N,. The assumption that the point p satisfies condition (I) implies that there
exists a positive integer N, such that
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S (:1\=2 41 €
(29) g(z!) 4Pl < 23

for all integers n > N,. Finally, using Lemma 3 and the fact that the point p
satisfies condition (I), let N3 (> N,) be a positive integer such that

30) ¢ = (ey/n?)4)~2"+14%p ~ A'pll < el(4N,)

for all integers n > Nj, all points (x, ) in [0, 1] x [0, 1] and all integers { in
[0, N,]. Moreover, N; may be chosen such that

B31) =11 -@,/mPY2 < eldA + 4)

for all integers n > N; where A = E,Iizo(i D204, LetN = max{N;, N;}.
Suppose 7 is an integer greater than N and (x, y) is a point in [0, 1] x [0, 1]. A
rearrangement of the defining equation for T, yields

‘ n=l fn=1\2 /i —2n+1
@ nen=g () (@) (D) e
i=0 \ | n n
From equations (14) and (32) one has that

Eorera-2 (")) (@) @yl
CAECTYE @
2.0 @]

+H| X ) D"Aip"-

i=Nay+1

<
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Simplifying the terms in the above inequality and applying (28), (29), (30) and
(31) gives lU(x, y) - T,,(x, »)Il <e. Thus, the sequence {T,},,—, converges uni-
formly on [0, 1] x [0, 1] to the function U defined by equation (14). Since U
is a solution to system (II), the proof is complete.

The following corollary, suggested by the referee, follows from the fact that
the solution to system (II) is represented in Theorem 2 as a strong limit of con-
tinuous linear operators.

COROLLARY TO THEOREM 2. Under the assumptions of Theorem 2, the
solution to system (I1) varies continuously with respect to the point p.

IV. Bessel function representations. In the case where X is the complex
number field and each of 4 and p is set equal to 1, the methods of §§II and III
yield representations for the J,, Bessel function. When 4 = p = 1, an argument
similar to that used for Theorem 1 may be used to establish that

Jo) = 3 42
i=0

-1\ [n-1+i
lim Z (G ) (n ) )(n ) l)(l - (x2n)*)* i

n—>oo l— l l

for all real numbers x. The corresponding result from §III is that

n—N\ /n—-1+i
Jo() = lim Z 1y "( , )( , )(1 + (x/2m)?y
i

n—>o =0 i

for all real numbers x.

V. An example. Let X denote the Banach space of all uniformly continuous
and bounded real functions defined on [0, ©0) where the norm of X is defined by
Ifl = sup,.5 o If(x)! for all fin X. For each ¢ > 0, let T, denote the transforma-
tion from X to X suchthat [T,f](x) = f(t + x) for all x > 0. Let D(4) be the
dense subset of X which contains the function f if and only if f is differentiable
and f’ belongs to X. Then A will denote the transformation defined on D(4) by
the rule Af = f'. In this setting a solution to system (II) would be a real valued
function w satisfying

(II,) le(x, Y Z) = W3(x, Vs Z), W(O,)’, Z) = p(Z) = w(x, Oa 2)

for all (x, y, z) in [0, 1] x [0, 1] x [0, =) where p is a function in D(4) satis-
fying condition (I).
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The results of §1II imply that a solution w to system (II') may be represen-
ted by

W, 3, 7) = §<xy)'(i!)-2p<'>(z)

n—1 n- n—-1+i
=lm ¥ (- 1)"“"( i )( . >(1 + (y/n®)AY +ip()

n—>o j=0 4

for all (x, y, z) in [0, 1] x [0, 1] x [0, ).
From a remark by Butzer and Berens [1, p. 134] one may obtain

N
@ -1

forall A > 0. If A =0, ( - A4)"’p = p. The results of Theorem 2 then imply
that a solution to system (II') may be represented by

=) =p + =g [0 M Tp - plat

p(z) ifx-y=0,

w(x, y, z) =
p(2) + lim G,(x,y,z2) ifx-y>0,
n—>oo

where

n=1 n=1\ fn-1+i 2\
Gux, y,2) = izzo - 1)"“"( _ )( . ') (j';,;) Y-y

i i
. f: e (t/x)n+i=11p(r + 7) — p(z)] dt

for all (x, y, z) in [0, 1] x [0, 1] x [0, o).

A second example, suggested by the referee, provides an illustration of a
case where Theorem 1 applies but Theorem 2 does not. Let X denote the Hilbert
space of all square-summable real sequences. Let D(A4) denote the subset of X
which contains the sequence x if and only if Zy_, k2 x(k)? < o and let 4 be the
transformation defined by (Ax)(k) = kx(k) for each positive integer k. Then A
is closed and linear. Moreover, each sequence in X with finite support satisfies
condition (I). An application of the Hille-Yosida-Phillips theorem (see [4, p. 95])
shows, however, that 4 does not generate a strongly continuous semigroup of
bounded linear transformations. Thus, in this case, Theorem 1 applies but Theo-
rem 2 does not.
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